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Abstract 

While string or Yang-Mills theories are based on Lie algebra or two-algebra sttucture, recent studies 
indicate that A^-theory may require a one higher, three-algebra structure. Here we construct a covariant 
action for a supermembrane in eleven dimensions, which is invariant under global supersymmetry, local 
fermionic symmetry and worldvolume diffeomorphism. Our action is classically on-shell equivalent to 
the celebrated Bergshoeff-Sezgin-Townsend action. However, the novelty is that we spell the action 
genuinely in terms of Nambu three-brackets: All the derivatives appear through Nambu brackets and 
hence it manifests the three-algebra structure. Further the double dimensional reduction of our action 
gives straightforwardly to a type llA string action featuring two-algebra. Applying the same method, we 
also construct a covariant action for type IIB superstring, leading directly to the IKKT matrix model. 
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1 Introduction: Two for string and three for -theory 

While string and Yang-Mills theories are based on ordinary Lie-algebra or two-algebra structure, recent 
advances in A4-theory by Bagger, Lambert and Gustavsson (BLG) [1, 2] suggest that the full description 
of A^-theory may require a generalized Lie-algebra structure: namely three-Lie algebra or shortly three- 
algebra. In fact, the digits, two and three, appear to have intriguing associations to string and -theory 
respectively: First of all, two is the dimension of string worldsheet while three is that of membrane world- 
volume. This implies that, after matrix regularization of Poisson bracket structure, IKKT matrix model [3] is 
a multiple D-instanton description of type IIB superstring via two-algebra, while BFSS matrix model [4, 5] 
is a multiple DO-brane description of eleven-dimensional supermembrane via two-algebra. In other words, 
the two worldsheet coordinates of a type IIB superstring are traded with matrix indices, while the three- 
dimensional worldvolume of a supermembrane decomposes into '1-1-2', one for the temporal coordinate and 
two for the matrix indices. Further, two is the codimension of D-branes in each type llA, IIB superstring 
theory [6], while three is the codimension of M-branes i.e. M2 and M5. Consequently, through two-algebra 
interaction as known as Myers effect [7], multiple Dp-branes may condense or be polarized into D(p + 2)- 
brane. Similarly, through three-algebra interaction, BLG model equipped with an infinite dimensional gauge 
group corresponds to a description of the condensation of multiple M2-branes into a single M5-brane [8-20]. 
Namely, the polarizations of D-branes and M2-branes require two-algebra and three-algebra respectively. 
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2 for string: 

String worldsheet dimension =^ IKKT type IIB matrix model 

2-aIgebra structure =^ Matrix string / Yang-Mills 

Codimension of D-branes =^ Myers effect: polarization of Dp into D(p + 2) 

3 for -theory: 

Membrane worldvolume dimension BFSS -theory matrix model 

3-algebra structure =^ BLG model 
Codimension of M2 and M5 Condensation of M2s into M5 in BLG model 



All the above associations of 2 and 3 to string and -theory may be naturally understood by a refor- 
mulation of the Nambu-Goto action for a p-brane. Prior to the explanation, we first review Filippov n-Lie 
algebra and discuss its generalization which is necessary for us later. 

1.1 Filippov n-Lie algebra and its generalization 

Filippov introduced n-Lie algebra [21] which is a natural generalization of a Lie algebra, defined by n- 
bracket satisfying the totally anti-symmetric property: 

[Xi, • • • , Xi, ■ ■ ■ , Xj, - ■ ■ , Xn] = —[Xi, ■ ■ ■ , Xj, ■ ■ ■ , Xi, • • • , Xn] , (1.1) 

and the Leibniz rule: 

n 

[Xi,---,Xn-l,[Yl,---, Yn]] = J2 • • • , [^1, • • • , Xn-l,Yj], ■ ■ ■ ,Yn] . (1.2) 

i=i 

The n-Lie algebra can be equipped with an invariant inner product, satisfying the symmetric property, 

{X,Y) = {Y,X), (1.3) 
as well as the invariance under the n-bracket transformation, 

([Xi,---,x„_i,y],z) + (y,[Xi,---,x„_i,z]) = 0. (i.4) 

When n = 2 the definition reduces to the usual Lie algebra and the inner product can be given by 'Trace'. 
Exphcitly we may introduce a basis of the n-Lie algebra, T"-, a = 1, 2, • • • and write 

From (11.11 ) the structure constant f"-i°-2---a„^ totally anti-symmetric for the upper indices, and the Leibniz 
rule implies 

n 

ja\a2---an jh\h2---hn _ ^ ^ jaia2---a„-ibj ^ jbi---bj-idbj+i---bn (16) 



Further the invariant inner product defines a metric {T°-,T^) which, along with its inverse, can raise or 
lower the index a. It is worth while to note that in the above expressions all the quantities are assumed 
to be bosonic. When fermionic variables are present, there must appear extra minus sign if the fermionic 
quantities are permuted odd times. 

One may easily realize the n-Lie algebra in terms of Nambu n-bracket defined over functional space on 
an n-dimensional manifold [22] : 

[Xi,X2, • • • ^ {XuX2, ■ ■ • ,X„}n.b := -^e'^'^-'-di,Xidi,X2 ■ ■ ■ di^X^ , 

(1.7) 



{X,Y) ^ Jd^yVgXY. 



In order to ensure the partial integration, either the manifold must be compact or all the functions must 
vanish on the boundaries of the non-compact manifold. Note that Q corresponds to the determinant of the 
metric of the manifold, and can be chosen arbitrarily since the properties (11.11) . (11.21 ). (11.41 ) hold irrespective 
of the presence of the local factor. In this functional realization of the n-Lie algebra, the invariant inner 
product generahzes: 

{X,Y,---,Z) ^ jd^yVgXY---Z, (1.8) 
such that it satisfies, as a generalization of (11.41 ). 



{Yi,Y2, - ■ ■ ,Yk-u[Xu - ■ ■ ,Xn-i,Yk],Yk+u - ■ ■ Ym) = . (1.9) 



k=l 



Note that throughout the paper we denote the defining equality by ':=' and the on-shell equality as well 
as gauge fixings by '='. For further works on three-algebra see e.g. [23-26]. 

1.2 Reformulation of Nambu- Goto action by Nambu bracket 

With an embedding of {p + 1) -dimensional worldvolume coordinates into D-dimensional target spacetime, 

xiO ■■ C x^^ , (1. 10) 

where m = 0,1, ■ ■ ■ ,p and M = 0,1, ■ ■ ■ , D — 1, the Nambu-Goto action for a p-brane reads [27] 

S^.G. = - j d^+'e \l- dei{dmX^dnXM) . (1.11) 
Let us decompose, formally, the p-brane worldvolume coordinates into two parts: 

{r} = {cT^?^}, (1.12) 

where /i = 0, 1, • • • , d — 1 and i = 1, - • • ,d such that p + 1 = d + d. The decomposition is a priori 
arbitrary for any non-negative integers d, d. One natural application of the splitting will be the case where 
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j)-brane is extended over two topologically different spaces, e.g. compact and non-compact spaces. With the 
decomposition above, a square root free reformulation of the Nambu-Goto action was achieved in [13]: 

S = jd'^a Tr (^^l) , T> := / d'^V , 

(1.13) 

where the action contains three kinds of auxiliary fields: scalar u), d-dimensional metric hfj^y and a gauge 
connection A * which defines the 'covariant derivative': 

D^X'^' := d^X"' - A^diX^' . (1.14) 

The Nambu J-bracket (11.71 ) is defined here, simply without a local factor, b}0 

{Yi,Y2,---, 1;-}n.b := e'''^-'^di,Yidi,Y2 ■ -di^Y^ . (1.15) 

Integrating out all the auxiliary fields, using their on-shell values, the action reduces to the Nambu-Goto 
action, 5now = "^n g.. and hence the classical equivalence. The novelty of the above reformulation was the 
appearance of the gauge interaction and the Nambu bracket squared potential. The latter basically stems 
from an identity rewriting the determinant as the Nambu bracket squared: 

det{diX^'d,XM) = , X^'\-, X^^<i}N,B{XM, , Xm2, ^m,.}n.b . (1.16) 

A physical picture behind the reformulation is to describe a single brane as a condensation of multiple 
lower-dimensional branes, i.e. ap-brane by (d— l)-branes: IKKT matrix model [3] is a multiple D-instanton 
description of type IIB superstring, while BFSS matrix model [4] is a multiple DO-brane description of 
supermembrane (see also [28]) . Obviously, the choice of d = and d = p + 1 corresponds to the well- 
known "Polyakov" action which was actually first conceived by Brink, Di Vecchia, Howe, Tucker [29,30]. 
On the other hand, with a gauge fixing for uj to be constant, the other extreme choice oid = Q, d = p+ l 
leads to the Schild action [31]. Furthermore, the association of the digits, 2 and 3 to string and 7W -theory 
become manifest within the reformulation: For example, the fact that the codimension of D-branes is 2 
suggests to choose d = 2, which leads to the two-algebra as in Yang-Mills. Likely the choice of p = 5, 
d = 3, d = 3 suggests that the Bagger-Lambert-Gustavsson model with an infinite dimensional gauge group 
describes a M5-brane as a condensation of multiple M2 -branes. 

The reformulation of the Nambu-Goto action (11.131 ) is purely bosonic. In order to establish a firm 
connection to string/ -theory one needs to supersymmetrize them. The requirement of supersymmetry 
may give rise to a constraint on the a priori arbitrary decomposition, p + 1 = d + d. 

Our main interest is to supersymmetrize the action (11.131 ). For d = 1 case, supersymmetric actions 
are ready to be read-off from an earlier work by Bergshoeff, Sezgin, Tanii and Townsend [37]. In its 
appendix the authors listed light-cone gauge fixed supersymmetric actions for various p-branes in diverse 

' As usual, jjjg totally anti-symmetric d-dimensional tensor of the normalization gi^ - d _ 
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spacetime dimensions. Utilizing the identity (I1.16I ). in terms of Nambu p-bracket, their Ught-cone gauge 
fixed supersymmetric p-brane actions can be reexpressed in a compact form: 

(1.17) 

As usual, the Fierz identity required for the supersymmetry invariance, restricts the possible values of p and 
the spacetime dimension Z) (as for / = 1, 2, • • • , D — 2): 



p = 


1 : 


D 


= 3,4,6,10 


p = 


2 : 


D 


= 4,5,7,11 


p = 


3 : 


D 


= 6,8 


p = 


4 : 


D 


= 9 


p = 


5 : 


D 


= 10. 



In the present paper, we consider an alternative choice of d = 0. In particular, we focus on a supermem- 
brane propagating in eleven-dimensional flat spacetime. As we take the choice of d = 3, the bosonic action 
is of Schild type and it will contain manifestly Nambu three-brackets. 



The organization of the rest of the paper is as follows. In section |2] we present our main result: We 
construct a 3-algebra based action for a supermembrane in eleven dimensions. The action is invariant under 
global supersymmetry, local kappa-symmetry and worldvolume diffeomorphism. In section [3] we perform 
a double dimensional reduction and obtain a covariant, two-algebra based action for a type IIA superstring 
in ten dimensions. In a similar fashion, in section |4] we construct a covariant, two-algebra based action for a 
type IIB superstring. Section [5] contains our discussion and the appendix carries some useful identities. 

Note added: While this work was being finished, two related papers, [35] and [36], appeared on arXiv. 
The former discusses a bosonic three-algebra squared action and the latter presents a supersymmetric version 
of it with the spacetime dimension four and the signature 2 + 2. On the other hand, our action is for the 
supermembrane in eleven-dimensional Minkowskian spacetime. 
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2 Three-algebra based action for supermembrane in eleven dimensions 
2.1 The action 

We propose the following action for the three-algebra description of a supermembrane in eleven dimensions: 

Sm2 = I d3e(£^ + £wz) , (2-1) 

= 3^c^-l(^^^^^,^^)(^M,^^,^p) - ^lo, 

(2.2) 

which contains eleven-dimensional target spacetime coordinates X^^, a Majorana spinor 9 and a scalar 
density field lo. The former two are dynamical while the last one is auxiliary. With the supersymmetry 
invariant pull-back: 

Uf := diX^ - i9T^^di9 , (2.3) 



we set 

(n^, n*^ n^) := e'^'^UfufU^ , (2.4) 
which has the following expansion in terms of the Nambu-bracket (I1.15I) FI 

(n^, n*^ n^) := {x^, x*^ x^i^.b - 3^^^[^{x*^ x^i , ^i^.b + 39{t^^9, x^^,9t^^^,^9 
-i9Ji3e-y{{r^''0r, (r*^^)^ (r^i^)nN.B • 

(2.5) 

Similarly, the Wess-Zumino part of the action can be also reexpressed in terms of the Nambu-bracket: 

^wz = —i^&^MN{X'^^ ,X^ ,9}j^,ji + Ma9i3{{TMN0)°',(r'^^0)'^,X'^}j;,ji 

(2.6) 

-iloJf30-y{(XMN9r, (r*^^)^, (r^e)nN.B . 

Thus, all the derivatives appear only through Nambu three-brackets. 

Let us now introduce a shorthand notation for the induced metric: 

gij := UfllMj , (2.7) 

and denote its determinant by g := det (gij) as usual. 
All the equations of motion are then summarized by: 

LO - = 0, 

g^mfTM{l-r)dj9^0, (2.8) 
di (V^g'^'nf) - ie'^''di9r^^Ndj9U^ = 0. 



^Note that the bracket [L, M, N] denotes the anti-symmetrization of the three indices with an overall factor |, i.e of 'strength 



From an identity analogue to (11.161) : 

i(^*^^^,^^)(^Af,^^,^p) = det(nfn,M) , 



(2.9) 



integrating out the auxiliary scalar assuming the on-shell value lo = \/—g, our proposed action (12.11 ) re- 
duces to the well-known supersymmetric Nambu-Goto action for M2-brane by Bergshoeff, Sezgin and 
Townsend [32,33]: 



'M2 



2.2 Symmetries 

The action (12.11) is invariant under the following transformations. 
• Target-spacetime supersymmetry: 



Se0 = e, 



6,X 



M 



6^uj = . 



which leaves Ilf' and C^^ invariant, while transforms £wz to a total derivative: 

Se^wz = di{erf) , 
where e is a constant supersymmetry parameter and 

- ^ {TMNeeT^''8je + r^^eerMN8j9) er^8ke} . 



(2.10) 



(2.11) 



(2.12) 



(2.13) 



Local 3 2 -component fermionic symmetry: 

5ce = [l + iu/^)T]C, 

6^X^' = i6r^^6(;e, (2-14) 

s^oj = 4iujg-^'mf8jerMC , 

where ( is an arbitrary local 32-component spinorial parameter and T is as in [32,33]: 

r:= 6;^rLMAr(n^,n*^,n^), (2.i5) 

satisfying 

r2 = l. (2.16) 
Under the transformation above (12. 141 ). the Lagrangian transforms to a total derivative: 

6(;{C^ + C^^)=8^{iP'6^9) , (2.17) 



where 



1 ijk 



(2.18) 



(2.19) 



In particular, taking the choice C = (1 + <^/V~5) (1 + r)^ leads to a symmetry: 

6j = {i + r)K, 

where k is an arbitrary local fermionic parameter so that the transformations of and X^ coincide 
with the kappa-symmetry in [32, 33]. 

On the other hand, an alternative, in fact complimentary, choice ( = {l+uJ/^y—g)~^[l—{uJ/^y—g)T]K' 
leads to a symmetry: 



6^,>0 = (1 - uj/^/^)k' , 

= 4^^^ <?-i*^nf 5,^r^[i - {oj/^)t]k' . 



(2.20) 



On-shell (I2.8I ). these transformations are trivial and hence cannot be used to reduce the fermionic 
physical degrees further after a K-gauge fixing. More discussion on trivial symmetry transformations 
we refer e.g. [38]. Combining (12.191 ) and (12.201 ) gives back the generic transformation (12.141) . and 
hence the former two are complimentary to each other. 

Worldvolume dijfeomorphism: 



5vio = di{u)v^) , 



(2.21) 



where = 5^* is an arbitrary local bosonic parameter, and the Lagrangian transforms to a total 
derivative as 

(2.22) 
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3 Double dimensional reduction to Type IIA superstring theory 

Double dimensional reduction [34] of our supermembrane action (12. lb . putting = X^^, T^^^^ := T^^, 
straightforwardly leads to the following reformulation of the type IIA superstring action by Green and 
Schwarz [39,40]§ 



5iiA = j d2e(£^ + £wz), (3.1) 



where with i = 1, 2, M = 0, 1, • • • , 9, 



C^z = ie'WiX^^0TM(u)dj0-U'WTM(u)d^9eT^dje, 



(3.2) 



and 

Uf = diX^^ - iOT^diO , (n*^ n^) := e^mfnf . (3.3) 

Note that ^ is a ten-dimensional Majorana spinor which can decompose into a chiral and an anti-chiral 
Majorana spinor, and hence type IIA Majorana- Weyl spinors of opposite chiralities. 
In terms of Nambu 2-bracket or Poisson bracket, we can write 

(3.4) 

£wz = i^{x*^^M(ll)np.B + \oJp{{TM(ii)Or, (r^'0)^}p.B . 

Thus, all the derivatives appear only through Poisson brackets. 

Integrating out the auxiliary scalar field uj, our action (13.11 ) reduces to the Green-Schwarz action for type 
IIA superstring [39,40]. 



The action (13.11 ) is invariant under the following transformations. 
• Target-spacetime supersymmetry: 

5,6 = e, 6eX^ = -i9T^e, deu; = , (3.5) 
which leaves C^i invariant and transforms Cwz to a total derivative: 

SeCwz = 9i(e<A) > (3.6) 
where e is a constant supersymmetry parameter and 



^M(ii)(^ djX^' - M (11)0 OT^^djB - 9TM(ii)dj 



(3.7) 



''For the dimensional reduction of BLG model see e.g. [41,42]. 
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• Local 32-component fennionic symmetry: 

= [1 + (^/^)f r(ii)]c, 
s^x'^ = iOT'^Hi^e , (3.8) 

where C, is an arbitrary 32-component local fermionic parameter and 

^'■=27^9 e'^nf nf FMiv , (3.9) 
satisfying = 1. Under the transformation (13.81 ) the Lagrangian transforms to a total derivative: 

{c^ + £wz) = a, . (3.10) 

where 

:= {-idjX^evMiii) - \eTMiii)d,eeT^ - lev^d^evMin)) ■ (3.ii) 

As in the case of the three-algebra based supermembrane action (12.191 ). (12.20b . the local fermionic 
symmetry consists of K-symmetry and trivial transformation. 

• Worldvolume dijfeomorphism: 

6^X^ = v'diX^^ , 6y9 = v'die, 6^uj = di{ujv') . (3.12) 

The Lagrangian transforms to a total derivative as (12.221) . 

4 Type IIB superstring theory and IKKT matrix model 

In a similar fashion to our type IIA superstring action (13.11) . the Schild version of type IIB superstring action 
assumes the form: 

Sim = j d2e(£^ + £wz), (4.1) 

where 

= ic^-i(n^^n^)(nM,njv)-ic^, 

= -ie'^diX^^e^YMdjO^ -PTMdj9^) + e'W^T^^die^PTMdj9^ (4.2) 

With a pair of Majorana-Weyl spinors of a same chirality, 

Ti^i)0i = 0\ r(ii)^2^^2^ (4.3) 
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the supersymmetry invariant pull-back is given by 

nf = diX^' - i {e^r''di9' + e'^r^'diO^) . (4.4) 



Our type IIB superstring action (14.11) is invariant under the following transformations. 

• Target-spacetime supersymmetry: 

5,9^ = e\ See^ = e\ 6eX^ = -ie^V'^e^ - iPv'^e^ 4c^ = 0, (4-5) 

which leaves C^, invariant and transforms £wz to a total derivative: 

5,£wz = 5.(e-i7?i^ + s^Vub) , (4.6) 
where e^, e"^ are constant supersymmetry parameters and 

• Local 32-component fermionic symmetry: 



(4.7) 



'^c^' = (1 + > 
5c x^^ = i9'r^^6ce' + iPr^^6c^^ 



(4.8) 



where ( is an arbitrary local fermionic parameter. The Lagrangian transforms to a total derivative, 

6^ + £wz) = di + i^^J^e^) , (4.9) 

where 

(4.10) 



The local fermionic symmetry above consists of K-symmetry and trivial transformation, as in the 
supermembrane and type II A superstring cases. 

Worldvolume diffeomorphism: 

5^X^^ = v'diX^ , = v'diO^ , 5^"^ = v'diO^ , 5^lo = di{ujv') , (4-11) 
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where = 5^* is an arbitrary local bosonic parameter. The Lagrangian transforms to a total deriva- 
tive as (I2.22I ). 



Now, replacing 6*^ by iO'^ through an analytic continuation [3], fixing the gauge 9^ = 9"^ through the 
local fermionic symmetry and uj = \ through the diffeomorphism, the action reduces to the form: 

^iiB = / ,X^}pji{XM-,XN}p-B, — 2i9^T m{X^ ,9^}pj>, , 



(4.12) 

which straightforwardly leads, after a matrix regularization of the Poisson bracket, to the type IIB IKKT 



matrix model [3]. Thus, our two-algebra based covariant type IIB superstring action (|4~T 
derivation of the IKKT matrix model starting from the covariant superstring action (14.1 



presents a direct 



5 Discussion 

In summary, we have constructed covariant actions for type IIA, type IIB superstrings in ten dimensions, 
and supermembrane in eleven dimensions, which are invariant under global supersymmetry, local fermionic 
symmetry and worldvolume diffeomorphism. All the derivatives therein appear through Nambu brackets 
such that the two-algebra structure of superstring theory and the three-algebra structure of -theory become 
manifest. Nambu two and three brackets naturally arise since the dimensions of the string worldsheet and 
the membrane worldvolume are two and three respectively. One advantage to employ the Nambu brackets 
is the simplicity of the double dimensional reduction: The three-bracket clearly reduces to the two-bracket. 

Since our resulting actions (12.11) . (13.11) . (14.11 ) contain higher than second order terms, the generalization 
of the inner product of Filippov n-Lie algebra as in (11.81 ). (11.91 ) is necessary. Like the type IIB case, suitable 
gauge fixing to simplify the actions for supermembrane and type IIA superstring is desired. 

The BFSS matrix model [4,5] is a light-cone gauge fixed action for supermembrane such that it describes 
only the sector of classically fixed light-cone momentum. Our covariant supermembrane action (12.11 ) is 
classically equivalent to the BFSS matrix model. However, the quantum equivalence is to be investigated in 
future work. 
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A Useful Fierz identities in eleven dimensions 

In Minkowskian eleven dimensions, with an anti-symmetric charge conjugation matrix C, the gamma ma- 
trices satisfy 

^^■pMiM2---M„^'r _ |-_-[^-jl+5n(n+l)^pMiM2---Af„ 

and a Fierz identity: 

{CT^')^^p{CTmn),&)=Q. (A.2) 

Thanks to this Fierz identity, various identities follow which are crucial for the supersymmetry and the local 
fermionic symmetry of the action (12.11) : 



e'^^[eTMN9dj 0T^^dk9 - 2eTMNdj0 dkOT^^e + djOTMNdkO eV''^ - 2eTMNdje 9T^'^ dkOj = 
e'^^ (eVMNdiO djOT^^dke + diOTMNdje eT^^dkO') = , 
e'^'' [eVMNdiO eV^^djO + OTMNd^e djOT^^e^ 9T^dk9 

= le'^''di{(eTMN99T^^^dje + eTMNdjeeT^eyT^dk9} . 

Other useful identities include 



(A.3) 



(A.4) 



and 



^g-''mfTMT = V^g-^'^UfrTM = y^^UfU^TLM ■ (A.5) 
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